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ON OPEN BOOK EMBEDDING OF CONTACT MANIFOLDS IN THE STANDARD
CONTACT SPHERE
KULDEEP SAHA
Abstract. We prove some open book embedding results in the contact category. For example, we prove
that a large class of contact 3-manifolds admit contact open book embedding in the standard contact 5-
sphere. We also prove that all the Ustilovsky (4m + 1)-spheres contact open book embed in the standard
contact (4m+ 3)-sphere.
1. Introduction
An open book decomposition ofMm is a pair (V m−1, φ) such thatMm is diffeomorphic toMT (V m−1, φ)∪id
∂V m−1 ×D2. Here, V m−1, called the page, is a manifold with boundary and φ, called the monodromy, is a
diffeomorphism of V m−1 that restricts to identity in a neighborhood of the boundary ∂V . MT (V m−1, φ)
denotes the mapping torus. Let us denote such an open book by Ob(V, φ). It is a well known consequence
of the works of Alexander, Winkelnkemper, Lawson, Quinn and Tamura ([Al], [Wi], [La], [Qu], [Ta]) that
every closed orientable odd dimensional manifold admits an open book decomposition.
Thurston and Winkelnkemper [TW] showed that starting from an exact symplectic manifold (Σ2m, ω) as
page and a symplectomorphism φs of it that restricts to identity near boundary as monodromy, one can
produce a contact manifold (N2m+1, ξ = ker{α}) with a contact form α such that Ob(Σ2m, φs) is an open
book decomposition of N2m+1 and dα restricts to a symplectic form on the pages. Such an open book
decomposition, denoted by Ob(V, ω, φ), is called a supporting open book decomposition of (N2m+1, ξ =
ker{α}). A remarkable result of Giroux [Gi] says that the converse is also true, i.e., every contact manifold
has a supporting open book. This gives us the advantage to decompose every contact manifold into pages
and monodromy and translate many questions about contact manifolds into questions about such contact
open book decompositions of that manifold.
A closed, oriented manifold M2n+1 open book embeds in another closed, oriented manifold V 2N+1, if
there is an open book decomposition of V 2N+1 and an embedding ι : M → V , such that the open book
on V 2N+1 induces an open book decomposition on ι(M2n+1). Similarly, one can ask: When does a contact
manifold (M2n+1, ξ = ker{α}) embeds in another contact manifold (V 2N+1, η = ker{β}) such that there
is a contact open book decomposition of V 2N+1 that induces a contact open book decomposition on the
embedded manifold? For a precise definition of contact open book embedding see definition 2.3.
In this note we prove some results regarding contact open book embedding. We assume all contact
manifolds to be co-oriented. The boundary connected sum and plumbing will be denoted by ]b and §
respectively. Unless stated otherwise, we will denote a contact manifold M with a contact plane distribution
ξ on it by (M, ξ). The standard contact structure on a Euclidean sphere will be denoted by ξstd. For related
definitions we refer to the preliminary section (section 2). For related notions in contact topology we refer
to the book of Geiges [Ge].
We start with the following theorem.
Theorem 1.1. For n ≥ 1 and k, l ∈ Z, Ob(T ∗≤1Sn, dλncan, τk) contact open book embeds inOb(T ∗≤1Sn+1, dλn+1can , τl).
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Figure 1. Humphreys generators of mapping class groups of Σg
Here, dλncan denotes the canonical symplectic form on the cotangent bundle T
∗
≤1S
n of Sn, consisting of
co-vectors up to unit length, and τm denotes the m-fold Dehn-Seidel twist (section 2.2) for m ∈ Z.
In [CMP], Casals, Murphy and Presas gave a characterization of overtwisted contact structures in terms
of open books. They showed that every overtwisted contact structure is a negative stabilization of some open
book decomposition. In particular Ob(T ∗Sn, dλcan, τ−1) gives an overtwisted contact structure on S2n+1.
Thus, an immediate corollary of Theorem 1.1 is the following.
Corollary 1.2. For all n ≥ 1, there exists an overtwisted contact structure on S2n+1 that contact open
book embeds in (S2n+3, ξstd).
Using Theorem 1.1, we can find a large class of contact manifolds that has co-dimension 2 contact open
book embedding in the standard contact sphere. For definition of plumbing and boundary connected sum
see section 2.3 and section 2.4.
Definition 1.3. Consider the canonical symplectic structure dλM on the cotangent bundle of a manifold
M . We call a contact open book Ob(V 2n, ω, φ) type-1 if it satisfies the following properties.
(1) (V 2n, ω) is symplectomorphic to
(T ∗M1§T ∗M2§...§T ∗Mp#bT ∗N1#bT ∗N2....#bT ∗Nq, dλM1§dλM2§...§dλMp#bdλN1#b...#bdλNq )
Here Mi and Nj are either S
n or an n-manifold that embeds in Sn+1.
(2) φ is generated by Dehn-Seidel twists along the Sns.
Theorem 1.4. If (M2n+1, ξ) is a contact manifold supported by an open book of type-1, then (M2n+1, ξ)
has a contact open book embedding in (S2n+3, ξstd).
The next Corollary gives an application of Theorem 1.4 to contact open book embedding of 3-manifolds
in (S5, ξstd).
Consider the surface Σg as in Fig. 1. Note that the mapping class group of (Σg, ∂Σg) is generated by the
Dehn twists along the curves a1, c1, a2, c2, ...ag−1, cg−1, ag, b1 and b2.
The statement in following corollary was proved by Etnyre and Lekili (Theorem 4.3, [EL]).
Corollary 1.5. Let (M3, ξ) be a contact 3-manifold supported by an open book with page Σg and its
monodromy is generated by a1, c1, ..., ag−1, cg−1, ag, b1. Then (M3, ξ) contact open book embeds in (S5, ξstd).
Remark 1.6. Note that given any supporting open book of a contact 3-manifold, we can stabilize it finitely
many times until the resulting open book has a page homeomorphic to Σg. This shows that a large class of
contact 3-manifold has contact open book embedding in (S5, ξstd).
1.1. Acknowledgement. The author is grateful to Dishant M. Pancholi for his help and support. The
author is supported by the National Board of Higher Mathematics, DAE, Govt. of India.
2. preliminaries
2.1. Contact open book and contact open book embedding. We start with a discussion of the
Thurston-Winkelnkemper construction of contact open book decomposition.
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Figure 2. Functions for the contact form near binding
Let (V, ∂V, dα) be an exact symplectic manifold which has a collar symplectomorphic to ((−1, 0]×∂V, d(et ·
α)), where t ∈ (−1, 0]. The Liouville vector field Y for dα is defined by iY dα = α. Near boundary this
vector field looks like ∂∂t and is transverse to ∂V pointing outwards. The 1-form e
t · α induces a contact
structure on ∂V . Let φ be a symplectomorphism of (V, dα) that is identity in a collar of the boundary. The
following lemma, due to Giroux, shows that we can assume φ∗α− α to be exact.
Lemma 2.1 (Giroux). The symplectomorphism φ of (V, dα) is isotopic, via symplectomorphisms which are
identity near ∂V , to a symplectomorphism φ1 such that φ
∗
1α− α is exact.
For a proof of the above lemma see [Ko].
Let φ∗α − α = dh. Here h : V → R is a function well defined up to addition by constants. Note that
dt + α is a contact form on R × V , where the t-co-ordinate is along R. Take the mapping torus MT (V, φ)
defined by the following map.
∆ : (R× V, dt+ α) −→(R× V, dt+ α)
(t, x) 7−→ (t− h, φ(x))
The contact form dt+ α then descends to a contact form λ on MT (V, φ). Since φ is identity near ∂V , a
neighborhood of the boundary ofMT (V, φ) looks like (− 12 , 0)×∂V ×S1 with the contact form er ·α|∂V +dt.
Denote the annulus {z ∈ C | r < |z| < R} by A(r,R). Define Φ as follows.
Φ : ∂V ×A(1
2
, 1) −→(−1
2
, 0)× ∂V × S1
(v, reit) 7−→ (1
2
− r, v, t)
Using Φ, we can glueMT (V, φ) and ∂V ×D2 along a neighborhood of their boundary such that under Φ, λ
pulls back to (e
1
2−r ·α|∂V +dt) on V ×A( 12 , 1). We can extend this to a contact form β = h1(r)·α|∂V +h2(r)·dt,
on the interior of ∂V ×D2 by the real functions h1 and h2 (see Figure 2.1) from [0, 1) to get a contact structure
on W 2n+1 =MT (V, φ) ∪id ∂V ×D2, where β is a globally defined contact form that coincides with dt+ α
on MT (V, φ) and with α + r2dt near ∂V . We will denote the resulting contact manifold (W 2n+1, β) as
Ob(V, dα;φ).
Although the contact manifold Ob(V, dα, φ) clearly depends on the monodromy φ, there is an important
symmetry property. If (V, dα) is as above and φ1 and φ2 are two symplectomorphisms then Ob(V, dα, φ1 ◦
φ2) ∼= Ob(V, dα, φ2 ◦ φ1).
Definition 2.2 (Contact open book). Ob(V, dα, φ) is called a contact open book with page (V, dα) and
binding (∂V, α). Given a contact manifold M with a contact form β, if one can find an open book
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Ob(VM , dαM ;φM ) that is contactomorphic to (M,β), then one says that Ob(VM , αM ;φM ) is an open book
decomposition of M supporting the contact form β.
If a contact manifold (M, ξ) has a contact form β representing ξ such that it has a supporting open book,
then we say that (M, ξ) has a supporting open book. We will write (M, ξ) = Ob(VM , dαM ;φM ) to say that
(M, ξ) is supported by the open book with page (VM , dαM ) and monodromy φM . Giroux [Gi] has proved
that every contact manifold has a supporting open book.
Example 2.1. (S2n+1, ξstd) has a contact open book decomposition with page (D
2n,Σni=1dridθi) and mon-
odromy identity.
Definition 2.3 (contact open book embedding). (M2n+11 , ξ1) contact open book embeds in (M
2N+1
2 , ξ2) if
there exist a contact open book of (M2n+11 , ξ1), Ob(Σ1, dα1, φ1) and a contact open book of (M2N+12 , ξ2),
Ob(Σ2, dα2, φ2) such that the following conditions hold.
(1) There exists a proper symplectic embedding g : (Σ1, dα1)→ (Σ2, dα2),
(2) g ◦ φ1 = φ2 ◦ g.
Note, the above definition implies that the mapping torus MT (Σ1, φ1) contact embeds in the mapping
torus MT (Σ2, φ2). Since g|∂Σ1 pulls back the contact form α2 to α1, we can extend this embedding to a
contact embedding G of Ob(Σ1, dα1, φ1) to Ob(Σ2, dα2, φ2) such that the restriction of Ob(Σ2, dα2, φ2) on
the image of G gives the contact open book Ob(Σ1, dα1, φ1).
2.2. Dehn-Seidel twist. Consider the symplectic manifold (T ∗Sn, dλcan), where λcan is the canonical 1-
form on T ∗Sn. In coordinates (q1, q2, ..., qn+1, p1, p2, ..., pn+1) ∈ Rn+1 × Rn+1, λcan is given by the form∑
pidqi. Here, we regard T
∗Sn as a submanifold of R2n+2 ∼= Rn+1 × Rn+1, with the relations: |q| = 1 and
q · p = 0, where p ≡ (p1, .., pn+1) and q ≡ (q1, .., qn+1).
Let σt : T
∗Sn → T ∗Sn be a map given by
σt(q, p) =
(
cos t |p|−1 sin t
−|p| sin t cos t
)(
q
p
)
For k ∈ Z>0, let gk : [0,∞)→ R be a smooth function that satisfies the following properties.
(1) gk(0) = kpi and g
′
k(0) < 0.
(2) Fix p0 > 0. The function gk decreases to 0 at p0 and then remains 0. See Figure 2.2.
Now we can define the positive k-fold Dehn-Seidel twist as follows.
τk(q, p) =
{
σgk(|p|)(q, p) for p 6= 0
−Id for p = 0
We may sometimes simply write ”Dehn twist” instead of ”Dehn-Seidel twist”. Since it is clear from Figure
2.2 that τk has compact support, choosing p0 properly we can assume that τk is defined on the unit disk
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bundle (T ∗≤1S
n, dλcan) and is identity near the boundary. In fact we can choose the support as small as we
wish.
Similarly, for k < 0 we can define the negative k-fold Dehn-Seidel twist.
Example 2.2. An important open book decomposition of (S2n+1, ξstd) is with page (T
∗Sn, dλncan) and mon-
odromy a positive Dehn-Seidel twist. Note that the standard inclusion Sn ↪→ Sn+k induces a proper symplec-
tic embedding of (T ∗Sn, dλncan) in (T
∗Sn+k, dλn+kcan ). Moreover, it is easy to see that a Dehn-Seidel twist on
T ∗Sn+k induces a Dehn-Seidel twist on the embedded T ∗Sn. Therefore, (S2n+1, ξstd) = Ob(T ∗Sn, dλncan, τ1)
contact open book embeds in (S2n+2k+1, ξstd) = Ob(T ∗Sn+k, dλn+kcan , τ1).
2.3. Stabilization of contact open books and overtwisted contact structure. Let pii : Ei → Bni be
Dn-bundles over Bni , for i = 1, 2. Choose a point xi and a disk neighborhood D
n
i of xi in Bi that gives a
local trivialization diffeomorphic to Dni ×Dn.
The plumbing of E1 and E2 at (x1, x2) is obtained by identifying D
n
1 ×Dn with Dn2 ×Dn by the following
map and then smoothing the corners.
Dn1 ×Dn χ−→ Dn2 ×Dn
(q, p) 7−→ (−q, p)
We denote the plumbing of E1 and E2 by E1§E2.
Now, consider two copies of cotangent bundle of sphere, (T ∗Sn1 , dp1dq1) and (T
∗Sn2 , dp2dq2), with the
canonical symplectic structure on them. Since locally χ∗(
∑
dp2dq2) =
∑
dp1dq1, we get a canonical induced
symplectic structure on T ∗Sn1 §T ∗Sn2 .
Definition 2.4. Consider an open book decomposition Ob(T ∗Mn, dλM , φM ). We call the modified open
book, Ob(T ∗Mn§T ∗Sn, φM ◦ τ1), a positive stabilization of Ob(T ∗Mn, φM ). When τ1 is replaced by τ−1, we
call the modified open book a negative stabilization of Ob(T ∗Mn, φM ).
It is well known that a positive stabilization does not change the contactomorphism type of a contact
manifold. For a proof see [Et] and [Ko].
2.4. Boundary connected sum. Let us take two disjoint symplectic manifolds (W1, ∂W1, ω1) and (W2, ∂W2, ω2)
with convex boundaries. If we attach a symplectic 1-handle along two points w1 ∈ ∂W1 and w2 ∈ ∂W2, then
we get the boundary connected sum of (W1, ω1) and (W2, ω2) denoted by (W1#bW2, ω1#bω2).
Consider two contact open books Ob(Σ1, dα1, φ1) and Ob(Σ2, dα2, φ2). It is known that
Ob(Σ1#bΣ2, dα1#bdα2, φ1 ◦ φ2) ∼= Ob(Σ1, dα1, φ1)#Ob(Σ2, dα2, φ2)
(see section 2.4 in [DGK]). Here the connected sum denoted by #, means the contact connected sum. For
more details on symplectic handle attachment see [Ko].
Example 2.3. Let ω0 denote the standard symplectic form on D
2n. Then
(S2n+1, ξstd) ∼= (S2n+1#S2n+1, ξstd#ξstd) ∼= Ob(D2n, ω0, id)#Ob(D2n, ω0, id) ∼= Ob(D2n#bD2n, ω0#bω0, id)
3. Proof of Theorems
The standard inclusion of Sn ⊂ Rn+1 in Sn+1 ⊂ Rn+2 induces a canonical proper symplectic embedding
j0 : (T
∗
≤1S
n, λncan) ↪→ (T ∗≤1Sn+1, λn+1can ). In coordinates j0(~x, ~y) = (~x, 0, ~y, 0). Here, (~x, ~y) ∈ Rn+1 × Rn+1
satisfies |~x| = 1 and ~x · ~y = 0. Let j1 : (T ∗≤1Sn, λncan) ↪→ (T ∗≤1Sn+1, λn+1can ) be another proper symplectic
embedding given by : j1(~x, ~y) = (~x, 0, ~y, g(|~y|)). Where g is a smooth cut-off function supported over the
interval [0, δ] and g(0) = . See Figure 3.
The next two lemmas are the main ingredients to prove our theorems.
Lemma 3.1. j0 is symplectic isotopic to j1.
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Proof. Define jt(~x, ~y) = (~x, 0, ~y, t · g(|~y|)). Now, j∗t (dλn+1can ) = j∗t (
n+2∑
i=1
dxidyi) =
n+1∑
i=1
dxidyi + j
∗
t (dxn+2dyn+2).
Since j∗t (dxn+2) = 0, we have j
∗
t (dλ
n+1
can ) = dλ
n
can. 
In general, let Mn be an oriented closed hyper surface in Sn+1. Then the normal bundle is M ×R. Thus
we get an induced symplectic embedding of (T ∗M,dλM ) in (T ∗Sn+1, dλn+1can ) so that a symplectic tubular
neighborhood of this embedding is isomorphic to (T ∗M ×T ∗R1, dλM ⊕dx∧dy. We can now define a similar
symplectic isotopy sending (p, v, 0, 0) 7→ (p, v, 0, g(|v|)) in T ∗M × T ∗R1.
The next lemma is essentially Proposition 4 in [Au], adapted to our setting. The proof is the same as in
[Au] with slight modifications.
Lemma 3.2. Let (V, ∂V, dλV ) and (W,∂W, dλW ) be two exact symplectic manifolds with convex boundaries
of dimension 2m and 2m + 2s respectively. Let ψt : (V, ∂V ) → (W,∂W ) be a family of proper symplectic
embeddings. There is a symplectic isotopy Ψt of (W,∂W, dλW ) such that Ψ0 = Id and Ψ1 ◦ψ0(V ) = ψ1(V ).
Proof. Let Vt denote ψt(V ). ψt ·ψ−10 gives a family of symplectomorphisms from (V0, dλW |V0) to (Vt, dλW |Vt).
Since the symplectic normal bundles to all Vt are isomorphic, using Weinstein symplectic neighborhood
theorem we can extend ψt · ψ−10 to a family of symplectomorphisms Lt : U0 → Ut, where Ut is a small
symplectic tubular neighborhood of Vt in W . Let ρt : (W,∂W )→ (W,∂W ) be any family of diffeomorphism
extending ψt. We can assume that ρt is identity near ∂W . Let ωt = ρ
∗
t (dλW ) and Ωt = −dωtdt . We want to
find vector fields Yt on W such that dιYtωt = Ωt and Yt is tangent to V0. Let ω = dλW . For such a Yt if χt
denotes the corresponding flow, then we have
d
dt
(χ∗t ρ
∗
tω) = χ
∗
t (
d
dt
(ρ∗tω) + LYt(ρ
∗
tω)) = χ
∗
t (−Ωt + dιYtωt) = 0
. Thus, ρt ◦ ψt is a family of symplectomorphisms of W . Let αt = ιYtωt. Then equivalently we have to find
a 1-form αt on W such that dαt = Ωt and at every point of v ∈ V0, the ωW -symplectic orthogonal NvV0 to
TvV0 lies in the kernel of αt. Now,
Ωt = −dωt
dt
= − d
dt
(ρ∗t dλW ) = −d(
d
dt
ρ∗tλW )
So defining βt = − ddtρ∗tλW gives dβt = Ωt. Note that dβt = 0 over U0 and since ρt is identity near ∂W ,
βt = 0 near ∂U0 ∩ ∂W . Thus, βt ∈ H1(U¯0, ∂U¯0 ∩ ∂W ;R) and βt|V0 ∈ H1(V0, ∂V0;R). Let pi : U0 → V0 be
the projection map of the symplectic normal bundle and i0 : V0 ↪→ U0 be the zero section. Let γt = pi∗βt|V0 .
By construction, γt is closed over U0 and for any x ∈ V0 the normal fiber NxV0 lies in the kernel of γt.
Moreover, the composition pi∗ · i∗0 induces the identity map over H1(U¯0, ∂U¯0 ∩ ∂W ;R). Thus, [γt] = [βt|U0]
in H1(U¯0, ∂U¯0 ∩ ∂W ;R). Therefore there is a smooth real valued function ft over U0 such that γt = βt + dft
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over U0. Now, we can extend ft to some smooth real function gt over W and define αt = βt + dgt. The
1-forms αt satisfy dαt = Ωt and since αt|U0 = γt, NxV0 lies in the kernel of αt for all x ∈ V0.

Proof of Theorem 1.1. (S2n+3, ηst) has an open book decomposition with page T
∗
≤1S
n+1 and monodromy
τn+11 . First we embed (T
∗
≤1S
n, λncan) in (T
∗
≤1S
n+1, λn+1can ) via j0 and then apply a k-Dehn twist τ
n+1
k on
T ∗≤1S
n+1. This will induce the monodromy τnk on T
∗
≤1S
n. Next, using Lemma 3.1 we can isotope τnk (T
∗
≤1S
n)
in T ∗≤1S
n+1 to j1 ◦ τnk (T ∗≤1Sn). Then we apply a (l − k)-Dehn twist τn+1(l−k) on T ∗≤1Sn+1. By making |p0| in
Figure 2.2 sufficiently small (< δ in Figure 3), we can ensure that j1 ◦ τnk (T ∗≤1Sn) is not affected by τn+1(l−k).
Then we isotope j1 ◦ τnk (T ∗≤1Sn) back to τnk (T ∗≤1Sn) and finish gluing the mapping torus. Using Lemma 3.2
we can extend jt to a symplectic isotopy Jt of T
∗
≤1S
n+1 such that J0 = id. The resultant monodromy on
T ∗≤1S
n+1 is J−11 ◦ τn+1(l−k) ◦ J1 ◦ τk, which is equivalent to getting a mapping torus with monodromy τn+1l .
When restricted over T ∗≤1S
n, it gives τnk .

Proof of Corollary 1.2. By Theorem 1.1, Ob(T ∗Sn, dλncan, τ−1) contact open book embeds inOb(T ∗Sn+1, dλn+1can , ) ∼=
(S2n+3, ηst). According to [CMP], Ob(T ∗Sn, dλcan, τ−1) gives an overtwisted contact structure on S2n+1. 
Proof of Theorem 1.4. Theorem 1.1 implies that Ob(T ∗≤1Sn, dλncan, τk) contact open book embeds in
T ∗≤1S
n+1, dλn+1can , τ1. From the discussion right after the Lemma 3.1 and following the proof of Theorem
1.1, one can also see that for V n ⊂ Sn+1, Ob(T ∗ V n, id) contact open book embeds in Ob(T ∗Sn+1, τ1) and
there is an ambient symplectic isotopy of the identity map of (T ∗≤1S
n+1, dλn+1can ) relative to boundary, that
pushes a symplectic neighborhood of the zero section in T ∗≤1V
n away from the zero section of T ∗≤1S
n+1.
The pages of a type-1 open book are constructed by taking plumbing and boundary connected sum of such
T ∗V ns and T ∗Sns.
(1) Boundary connected sum :
Using the boundary connected sum operation described in section 2.4, we get a symplectic
embedding of (T ∗≤1M
n
1 #bT
∗
≤1M
n
2 in T
∗
≤1S
n+1
1 #bT
∗
≤1S
n+1
2 . Assume that the monodromy map of
(T ∗≤1M
n
1 #bT
∗
≤1M
n
2 is identity. Here, S
n+1
1 and S
n+1
2 are used to denote two copies of S
n+1. Let Φti
be the ambient symplectic isotopy of T ∗≤1S
n+1
i that pushes a symplectic neighborhood of the zero
section in T ∗≤1M
n
i away from the zero section of T
∗
≤1S
n+1
i , for i = 1, 2. Since Φ
t
1 and Φ
t
2 are identity
near boundary for all t ∈ [0, 1], we can extend the isotopy to φ˜t on T ∗≤1Sn+11 #bT ∗≤1Sn+12 by defining it
identity on the attached 1-handle of boundary connected sum. Now, following the proof of Theorem
1.1, apply φ˜t to push away a neighborhood of Mn1 and M
n
2 and then apply positive Dehn-twists in
a small enough neighborhood of Sn+11 and S
n+1
2 . Bring back the neighborhoods of M
n
1 and M
n
2 by
φ˜1−t and complete the mapping torus. The effective monodromy on (T ∗≤1M
n
1 #bT
∗
≤1M
n
2 is identity
and on T ∗≤1S
n+1
1 #bT
∗
≤1S
n+1
2 it is composition of Dehn twists along S
n+1
1 and S
n+1
2 . Thus, by section
2.4 the result follows.
(2) Plumbing :
For plumbing, we do the following. Consider T ∗Sn1 §T ∗Sn2 ↪→ T ∗Sn+11 §T ∗Sn+12 . Say, φ0 is a
symplectomorphism of T ∗Sn1 §T ∗Sn2 generated by Dehn twists along Sn1 and Sn2 , denoted by τ11 and
τ21 , respectively. For the moment, assume that φ0 = τ
1
l ◦ τ2k . Let t ∈ (0, 1) denote the S1 direction in
the mapping torus of Ob(T ∗Sn1 §T ∗Sn2 , φ0). In the time interval [ 14 , 13 ], we apply an l-fold Dehn twist
τ1l along S
n+1
1 . Next, we isotope the T
∗Sn1 part inside T
∗Sn+11 ⊂ T ∗Sn+11 \T ∗Sn+12 away from Sn+11
and apply (−l+ 1)-fold Dehn twist along Sn+11 . Finally, we isotope T ∗Sn1 back to its original place.
The procedure is similar to that in the proof of Theorem 1.1. Only here we extend the isotopy in the
complement of T ∗Sn1 in T
∗Sn1 \T
∗Sn2 by the identity map. Next, we apply the same procedure in the
interval [ 12 ,
3
4 ] starting with a k-fold Dehn twist τ
2
k along S
n+1
2 , before completing the mapping torus.
This produces an open book embedding of Ob(T ∗Sn1 §T ∗Sn2 , φ0) in (S2n+3, ηst). For the general case,
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agcg−1ag−1c1a1b1
Figure 6.
we can factor the monodromy into Dehn twists along various Sns and divide the S1-interval of the
mapping torus accordingly to apply the same argument finitely many times.
(3) General case :
For the cases Ob(T ∗M#bT ∗Sn, id#bτk) and Ob(T ∗M§T ∗Sn, id§τl) we can easily combine the
above two methods and thus the general case follows.

The Haefliger-Hirsch theorem says that a smooth orientable k-connected manifold Mn embeds in S2n−k−1.
Using similar methods one can easily prove the following proposition.
Proposition 3.3. If Mn is as above, then Ob(T ∗Mn, id) contact open book embeds in (S4n−2k−1, ξstd).
Proof of Corollary 1.5. By Giroux [Gi], if two contact structures on M3 are supported by the same
open book, then the contact structures are contactomorphic. Thus, if the supporting pages of (M3, ξ) are
plumbed copies of T ∗S1s, and the monodromy is generated by Dehn twists along each S1’s, then by Theorem
1.4, (M3, ξ) has a contact open book embedding in (S5, ξstd). Now, the surface described in Fig 1 can be
deformation retracted onto a diffeomorphic image as in Figure 3.
We can further deformation retract it to Figure 3, which is just the plumbing of the cotangent bundles of
the curves {b1, a1, c1, a2, c2, a3, ..., cg−1, ag} on Figure 1.
The result now follows from Theorem 1.4. 
4. Some applications
We now discuss some applications of the main results.
4.1. Contact open book embedding of overtwisted contact 3-manifolds. Etnyre and Furukawa
proved that every closed oriented 3-manifold (M3, ξ) has some contact structure that contact embeds in
(S5, ξstd) (Proposition 5.1, [EF]). They also described how one can isotope this contact embedding to make
it a contact open book embedding (Remark 5.2, [EF]). Let Ob(Σ2, φ) be a contact open book of (M3, ξ)
such that Ob(Σ2, φ) contact open book embeds in (S5, ξstd). If M3 has no 2-torsion in H1(M ;Z) then the
homotopy classes of 2-plane fields on it are determined by the first Chern class c1(ξ) and an invariant d3(ξ) ∈
H3(M ;Z) (see section 2.2 of [EF]). Since every homotopy class of plane field has a unique overtwisted contact
structure, if c1(ξ) = 0, then the overtwisted contact structures on M
3 are in one to one correspondence with
the overtwisted contact structures on S3. Note that all the overtwisted contact structures on S3 are supported
by the open books Ob(V 2n , χn) = Ob(T ∗S1§T ∗S1§..n times..§T ∗S1, τ−1 ◦ τ−1 ◦ ..n times.. ◦ τ−1) for n ≥ 1.
Therefore, Ob(Σ2#bV 2n , φ◦χn) realizes all overtwisted contact structures on M3. Hence, by Theorem 1.4 we
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get the following Theorem due to Etnyre and Furukawa (Theorem 1.20, [EF]) stated in terms of open book
embedding.
Theorem 4.1. (Theorem 1.14, [EF]) Every overtwisted contact 3-manifold (M3, ξ) with vanishing first
Chern class and no 2-torsion in H1(M), admits a contact open book embedding in (S
5, ξstd).
For example, all overtwisted contact lens spaces L(p, q) (p odd) with vanishing Chern class contact open
book embeds in (S5, ξstd).
For spheres in general dimension one can say that the unique overtwisted contact structure ξot on S
2n+1
and all the negative stabilizations of it contact open book embeds in (S2n+3, ξstd). Note that by Theorem 1
in [PP] and section 6.3 in [CM], it is already known that every (S2n+1, ξot) contact embeds in (S
2n+3, ξstd).
4.2. Embedding all contact 3-manifolds in some contact 5-manifold. We can use Corollary 1.5 to
show that every contact 3-manifold contact embeds in either S2 × S3 or the twisted product S2×˜S3 with
some contact structure.
Let Ob(Σg, φ) be a supporting open book for a contact 3-manifold (N3, ξ). Consider a representation of φ
in terms of the Humphreys generators in Figure 1. This gives us a word generated by a1, , c1, a2, c2..., ag, b1
and b2. Now, Ob(Σg, φ) is contactomorphic to Ob(Σg, φa1 ◦φc1 ◦ ...◦φag ◦φb1 ◦φb2), where φc is a kc-fold Dehn
twist along some curve c ∈ Σg with some kc ∈ Z. Let φ˜ = φa1 ◦φc1 ◦ ...◦φag ◦φb1 . By Corollary 1.5, Ob(Σg, φ˜)
contact open book embeds in S5. Now, to induce a k-Dehn twist along b2, we do a (−1/k)-contact surgery
along b2 in Ob(Σg, φ˜). Since Ob(Σg, φ˜) contact embeds in (S5, ξstd) with trivial normal bundle, b2 is isotropic
in (S5, ξstd) and we can do a contact surgery on (S
5, ξstd) along b2 such that it induces the (−1/k)-surgery
on Ob(Σg, φ˜) to give (N3, ξ). The manifold obtained from (S5, ξstd) is either a contact S2 × S3 or a contact
S2×˜S3.
Remark 4.2. A much stronger result was obtained by Etnyre and Lekili in [EL] showing that all contact
3-manifolds contact embed in both an overtwisted contact S2 × S3 and a Stein fillable contact S2×˜S3.
4.3. Contact open book embedding of exotic contact spheres. In [KN], Koert and Niederkru¨ger
showed that all the Ustilovsky spheres of dimension 4m + 1 admit open book decompositions with page
T ∗S2m and monodromy k-fold Dehn twist for some odd k. Since, plumbing of pages of the supporting open
books gives contact connected sum of the corresponding contact manifolds (see Proposition 2.6 in [CM]),
by Theorem 1.4, every contact exotic sphere Σ4m+1 that is connected sum of the Ustilovsky spheres, has a
contact open book embedding in (S4m+3, ξstd).
4.4. Contact manifolds with first Chern class zero. As discussed in [Ka2], a necessary condition for
contact embedding of (M2n+1, ξ) in (S2n+3, ξstd) is that c1(ξ) = 0. Thus, Theorem 1.4 provides a class of
contact manifolds with vanishing first Chern class.
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